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Abstract—For shells undergoing finite rotations, a general theory is formulated in terms of consistent
displacement and force variables. An independent rotation vector is used for the description of the
deformation state. The strain-displacement equations are obtained considering shear deformations.
These relations are then transformed by a variational procedure into consistent equilibrium equa-
tions and boundary conditions, the validity of which is also confirmed by an independent two-
dimensional derivation. The paper closes with the physical interpretation of the force variables and
the formulation of the constitutive equations.

1. INTRODUCTION

Every new attempt at deriving a non-linear shell theory has, due to the considerable
development of computational mechanics, to be oriented to new aspects. In their general
form, the non-linear theories are not in themselves accessible to numerical analysis and
have to be transformed for this purpose into incremental formulations which are, however,
always linear in the unknown variables, independently of the order of the nonlinearity of
the initial equations{1-4]. Thus, the new theories need not be simplified by assumptions
concerning the order of magnitude of the deformation variables. For numerical analysis, it
is more suitable to have theories with a wide range of applicability than simplified ones the
validity of which could hardly be checked by a given practical problem. Moreover, it
should be remembered that the deformation variables (displacements, rotations, strains,
deformation gradients,...) are related by geometrical constraints so that the order of
magnitude of certain variables cannot be judged independently of the others. If we allow
finite rotations{S5, 6] for instance, this will have, according to the weli-known theorems of
GauB and Codazzifl, 7}, consequences for the variables connected with the first funda-
mental form of the deformed middle surface.

A further question arising with regard to the derivation of a shell theory is the choice
of a suitable kinematic assumption about the transformation of the three-dimensional
initial equations into two-dimensional ones. The essential advantage of the Kirchhoff-Love
theories, namely the description of the deformation by only three independent displacement
components, is not so essential from a purely numerical point of view[2, 3]. It should also
be mentioned that the structure of the corresponding equations, especially of the dynamic
boundary conditions[8] are too complicated even for numerical analysis. On the other hand
kinematic assumptions allowing shear deformations ensure a very systematical derivation,
leading to equations with a relatively simple structure, as can be observed in the present
derivation. Furthermore, shear deformation theories can be regarded as a suitable starting
point for the derivation of Kirchhofl-Love theories. Finally, it should be mentioned that
theories with shear deformations have been used successfully in recent years for numerical
applications{2, 4].

From the mechanical point of view[l, 9, 10], each shell theory has to satisfy the
requirements of consistency. A consistent theory will be understood here to be a formulation
the equilibrium and dynamic boundary conditions of which are of the same order of
accuracy as the kinematic relations involving the adopted kinematic model. This require-
ment can be fulfilled by a three-dimensional variational derivation leading to equations
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which are related by means of Green’s theorem. The use of the principle of virtual work
for this purpose, instead of the principle of stationary potential energy|[8], has a considerable
advantage: it allows the relationship existing between the equations in question to be
discovered independent of the material behaviour. Thus, the mathematical rules resulting
from this relationship for the corresponding operators{11] can be used in an elegant manner
for the derivation of non-linear theories.

In variational derivations, the definition of force variables is obtained formally by a
mathematical procedure. For practical applications, it is therefore necessary to relate them
to physical variables which can be interpreted physically in a two-dimensional shell element.
This means, that a variational derivation ensuring a consistent formulation has to be
complemented by a further two-dimensional investigation in order to satisfy the require-
ments of practical applications.

According to the above discussion, the purpose of this paper can be formulated as
follows. It consists of a derivation of a non-linear theory considering shear deformations.
Thereby, assumptions concerning the order of magnitude of deformations will be avoided
in order not to restrict the applicability of the theory. The basis of the derivation is the
principle of virtual work of a three-dimensional continuum. Internal and boundary forces
are first introduced by a variational procedure and are then related to those defined on the
two-dimensional shell element. It is shown that the equilibrium conditions first derived
variationally can also be obtained by a purely two-dimensional derivation.

2. GEOMETRICAL RELATIONS

Let # = #(6%) be the position vector of a point P of the undeformed middle surface
where 8* are curvilinear coordinates. All the geometrical variables associated with the
middle surface will be denoted by the usual notations[1, 7, 12], having however the suffix
(°) if they refer to undeformed state. Thus

base vectors: 4, =F,, a°=d%4, )

metric tensors: 4y = 8,°4;, 4¥ =a*-¥ )
determinant: 4= d,,dy;—(d:2)’ 3
curvature tensors: b = —a,* R34, B = b, 4" 4

Herein, fi, denotes the unit normal vector of F and the notation ( ).« partial derivatives
with respect to 6°. As usual, Greek indices represent the numbers 1, 2 and the Latin indices
the numbers 1, 2, 3. The covariant derivatives with respect to the undeformed state Fwill
be denoted by ( ).

The geometrical variables of the deformed middle surface F will be denoted, as are
needed, without (°). Thus, a, = r , are the base vectors associated with the deformed position
P of the point B.

Let 6° be the distance of an arbitrary point B* of the undeformed shell from F,
measured in the direction of &,. Thus, from the position vector (Fig. 1)

i'* = f"+’ 835 3 (5)
we obtain for the base vectors & of the point B*
i: = ﬁa+9333,c = ﬁ:ips iy = A (6)

where
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Fig. 1. The geometry of the shell continuum.
i = 8- 0°5,. )

The notation ( )* will be used, also in the following, to characterize variables related to the
shell continuum B*.

Let P and P* be the positions of P and P*, respectively, in the deformed state. If we
now, according to eqn (13), assume that the distance between P and P* has the value 6°,
then we can express the position vector r* related to P* by

™ =r+0%, (8)

from which it follows
aa* = 8¢+0383_¢, a’§ = 33‘ (9)

Here, a; = a,(6%) is a unit vector, which is not, however, perpendicular to the deformed
middle surface F. Due to this fact, a} cannot be related, similar to 4% eqns (6), to the

curvature tensor of the corresponding middle surface. For later use we recall the definition
(1,7

d* = (atx ay)-at (10

so_that the volume element dV of the shell continuum can be expressed as
dV = /a* d8' d6? df>. Without the notation (°), eqn (10) is also valid for the deformed
state.

Let us now assume that the middle surface ¥ is bounded by a smooth closed curve C,
the line element of which is denoted by ds. Along C, we introduce by the relations

f= it = Fay, i by = g = i, an

=>4

the unit tangent vector t and the unit normal vector &, both vectors lying in F. Vectors (11)
are related by

ar _
ds

° dea

iy = &, Bpolt, i =5 =00 (12)

and define, together with i, a right handed triad (i, t, 4;) which will be used later for the
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Fig. 2. The deformation state.

definition of physical boundary variables. In eqns (12), &4 is the permutation tensor associ-
ated with £,

3. STRAIN-DISPLACEMENT RELATIONS

For the definition of two-dimensional displacement variables we assume that points
lying in the direction of the unit normal vector &, are also after the deformation on a
straight and that no changes of length occur in this direction. Thus, a point P* of the shell
continuum takes, in the deformed state, the position P*, according to Fig. 2 and the
displacement vector v* from P* to P* can be expressed in the form

V= —* =r—f+0°a,—d,)v+ 0w (13)
where a; is a unit vector which shows in the 8°-direction of the deformed shell continuum.
The displacement vector of the middle surface v and the difference vector w will be

expressed in terms of the base vectors &, of the undeformed state F. Thus

vV =r—F = p, 4"+ 5,3 = v°a, +v’a; (14)

W= a;—2; = wd+ w34’ = w'a, + w'i,. (15)
Using the deformation gradients
Pup = Vpla—b,al3, Pz = 3. +b; (16)
Voo = wpla_bopuwﬁh Va3 = Ws.a+[;:WA an
which are related to the partial derivatives v, and w , by
Ve = (0pla = Bpe03) ¥ + 3.0+ 5i0)8° = 0,8 + 0038’ (18)
W = (Wyla—Bpu W) + (W3o+ Biw))d° = Yo, b’ + s’ (19)
we obtain from eqns (14) for the vectors a, of the deformed state F

a, = a, +V,u = (5£+‘pg.)§p+¢u3§3 (20)

while the unit vector a; is, according to eqns (15), given by
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2, =4;+w=wad+(1+w,a,. @2n

In view of our kinematic assumption that a;*a; = 1, the normal component w; of the vector
w may be given in terms of the tangential components w,. Thus, using eqns (21) we have

a;'a; =1-ow;R+tw)+ww* =0-ow; = -1+ /(1—w,w? 22)
where the negative sign in front of the square root has to be taken for the values
n/2 < w < 3n/2 of the rotation angle w defined in Fig. 3.

For later use, particularly for the formulation of geometrical boundary conditions, it
is convenient to introduce the rotation vector o, related to w by the vectorial product
W=wd"=w'a, =4, xw 23)
which, using egns (15), gives

Wy = éﬂawﬂ, W, = é,awﬁ (24)

where &,; is the permutation tensor of surface F. According to eqns (23) the vector w stands
perpendicular to the plan defined by the rotation of &, into a,. Furthermore, its magnitude
is related to the angle of rotation w by

. Y L I B ] B
lw| = |a,]|w||sin (2 - 2)' = 2|sin 5 ©0s 7| = jsin w| (25)
as can easily be deduced from Fig. 3. Again from Fig. 3, we have
1 sin’ @ ]l 0w
—_ 2 _ = — —W* e ———— -
wy = —2 sin > FWwW o 2 L w (26)
2 cos 3 cos 3

so that
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. w
l+w, = 1-2sin’ 5 =cos w. 27

Substituting eqns (24) and (26) into eqns (15) the vector w can now be expressed solely in
terms of @ by the non-linear relations

W=a;—8; = @xXa; —-

(0) '(0)53
2 cos® =
2 28)

w X (wx4a,)

showing the fact that @ can be regarded as the rotation vector of &,{1, 13]. However, @
must not be confused with the rotation vector of the base vector system & as is introduced
by several authors[5, 14]. Soon, we shall discover the mechanical significance of @ when we
formulate the virtual work of physical stress couples.

For the definition of two-dimensional strain measures we use Green’s strain tensor of
a three-dimensional continuum defined by{l, 7, 12]

Vi = 3@F ca¥ —aF ca¥) = 1@ v + A% vE 4+ vE v, (29)
In order to calculate the tangential components y,; we first introduce into this relation

transformations (6) and (9). Then, using (7) and (18)-(21) and neglecting terms of second
order in 83, we obtain

yuﬂ = aaﬂ + 03ﬁaﬂ (30)

where the abbreviations

Uop = Opy = H(Pup+ Ppa + Pas O} + Cu30p3) (31)
and
ﬂuﬂ = Bﬁa = %[walﬁ'*'wﬂla “[;ifpﬂz “‘1;;%%;.—25@”‘3

+ @5 (Wila— brws)+ ol (wilpg— 5&3‘4’3)
+(Pﬂ3(w3,a+bniwi)+¢a3(w3,B+5;3W1)] (32)

denote the first «,5 and the second strain tensor of the middle surface f,;. Using in addition
the identity

(a1°23) =0 d; w,—Bd, - w+w, w=0 (33)

which has been found from eqns (21) and (22), we obtain similarly for y,;
Ya3 = %‘Yu = %[wp(ég’«ktpﬁ)-&- (:DaS(I + WS)]' (34)
If we put the shear deformation y, equal to zero, then this relation degenerates to the well-
known orthogonality condition a,*a; = 0, characterizing the Kirchhofi-Love theories.
Considering eqns (22), it can be finally shown that the remaining component y,; of Green’s

tensor (29) vanishes identically. Thus, the state of deformation of the shell continuum is
described entirely by the strain measures (31), (32) and (34) as
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b = [Yu/f ! )’as] _ [fag'quaﬁag le_)’{! (35)
Y V3 ! V33 5% v 0
4. THE PRINCIPLE OF VIRTUAL WORK AND THE DEFINITION OF CONSISTENT FORCE
VARIABLES

The two-dimensional internal forces will be called consistent if they are related, in the
corresponding expression of virtual work, to the first variation of the strain variables
introduced in eqns (31), (32) and (34). For their derivation, we shall use the three-dimen-
sional expression of internal virtual work which can, in terms of the Cauchy stress tensor
7/ and the Piola-Kirchhof stress tensor of the second kind s = /(a*/d*)1", be given in
the alternative forms

5*4, = — f f f o4 Gy/a* 6" d6? d6® = — j f L fis" 8y,/d dO" 62 46  (36)
| 4

where

-

is related to the undeformed shell continuum. Substituting eqn (35) into eqn (36) and
remembering that the surface element dF = /@ d8' d6?is independent of the parameter 6°,
we obtain the two-dimensional relation

0*A4, = — f J; (N 05+ 0° 8y, + M @D 58,5) dF (38)

where the consistent force variables defined as

h/2

h2 h2
ﬁ(aﬂ) = J' ﬁsaﬂ des’ Q“'a - ﬂs" del’ M(uﬁ) — J. ﬁsaﬂ93 dos (39)

—hi2 ~hi2 —h/2

arc called the pseudo-stress resultant tensor, the pscudo-shear stress vector and the moment
tensor, respectively. Because of the well-known symmetry s* = 5%, both tensors N®? and
M@ are also symmetrical which is indicated by putting the corresponding indices in round
brackets. In eqns (39) & denotes the shell thickness.

In order to make the load variables accessible for practical applications it is convenient
to introduce them directly on the two-dimensional middle surface element. Thus, we denote
by p dF and ¢ dF the load resultant and the load-moment resultant acting on the element
dF of the deformed middle surface F. Now, we introduce, using the factor dF/dF = J(@/d
and transformations (20) and (21), the following load components :

J(g)p = P¢a¢+P3aJ =P¢iu+p353,
\/(g)c = C*ay xa, = (1+w;)c*dy x &, + (55 + @5 )W CPa, x &, (40)

which are, according to transformations (20) and (21), related by
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p= PG+ 05 )+ Pw, pP = Plog+ P (14 wy),

a il 5 O W
¢=C ( 8t @p, Hl+w3¢ﬁx>- (41

As in eqns (41), we shall also in the following denote the variables defined with respect of
the deformed reference frame a; by the upper case letters, preserving the lower case letters
for those defined in the undeformed reference frame &,. The virtual work performed by the
loads, eqns (40), along the independent virtual displacements dv and dw is, using eqns (14),
(23) and (24), given by

st ) o) = [

(42)

Rol N

The expression given above for the virtual work of the load couple vector ¢ in terms of the
rotation vector dw is at this stage an assumption, the validity of which, however, will be
confirmed later by a three-dimensional derivation, egns (68).

Finally, we have to formulate the virtual work of the inertia forces due to dynamic
effects. The corresponding three-dimensional expression is, according to eqns (37), given
by

§* Ay = — f J f V- ove/a* do' de? do® = -J f f v+ 5v* Ja d6' do? d®  (43)
v v

where p is the mass density of the undeformed shell continuum and dots () denote
derivatives with respect to time. Introducing eqns (13) into eqns (43) and using the approxi-
mation i ~ 1, we obtain after integration with respect to 6°

3
O*Ap = —ﬁJJ;(hi'f-éH-%ﬁ“éw)dﬁ- (44

If we now substitute v and w from eqns (14) and (15) and use, according to eqns (22), the
relation

X a

ow;s(1+w3)+wow, =0 dw; = —

ow, (45)

Wy =

l+w3(S " cos w

for the elimination of the dependent variation dw,, then expression (44) reduces to

h? ,
* A = —p j L {h(t)"’évﬁ+t336v3)+ 5 (wﬂ— 1:w w,) 5wﬁ} dF. (46)
3

Since the force variables which can be prescribed along the boundary are still not defined
we now consider a boundary value problem with prescribed boundary displacements
(6v; = dw, = 0). In this case the virtual work of the forces acting upon the boundary curve
of the shell vanishes indentically and the principle of virtual work can, using eqns (38), (42)
and (46), be expressed in the form
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5%A = 6%A,+ 0% 4, = ”; (PP6v,+p 60, + Powg) dF

. o3 hs Y wﬁ - ) } }g\
—-pJ.J; {h(v"év,-{»v év;) +5 (w el dwge d

- fL (ﬁ“m 5&,3 + Q..ﬂé‘)’, +M(am6ﬁ,ﬁ) dﬁ =0 (47)

5. THE EQUATIONS OF MOTION AND THE DEFINITION OF TENSORIAL BOUNDARY
FORCES

The corresponding relations will be derived here from the principle of virtual work,
eqns (47), using the well-known rules of the calculus of variation. This procedure makes it
possible to derive relations which are in the same order of accuracy as the initial kinematic
relations (31), (32) and (34) and which can be, therefore, regarded as a consistent for-
mulation.

For the derivation we first express in eqns (47) the strains a,;, f,5 and y, by eqns (31),
(32) and (34). Then, we substitute the dependent variation dw, from constraint (45) in order
to transform in the following all the terms connected with the covariant derivatives dv,;
and dw,; by means of Green’s theorem, for instance, according to

w
(a8}
JJon(im)

wl

1+W3

0w, dF

. dF = £M(m¢ps

wh
_”; (MPgp,3)], 1+w36w1 dF (48)

where & = #,4" is the unit normal of the boundary curve C. This procedure leads to the
following equations of motion:

n,—Biq" + 0P — phi? = 0, bon™ +q|,+p* — phi; = 0,

(49)
m®f| _qtﬁ.f_cﬁ,.,;éi (ﬁ;ﬁ_ _w.ﬁ__w =0
¢ 12 14w, °
where the first three abbreviations
nt = NG+ 0 )~ M B~y )+ GW,
¢ = 0*(1+wy)+ N®q,; + M@y,
X, &, “’ﬁ
m = MR (5g+(p§,~ 5w, (p;;), (50)

o w
q** = Qﬁ(6£+(p§. - mfppg)

o wh . wh
+M('p){baa(5§+¢i.)m + [b."—- (1 +w3) ]%3}

are, as will be shown in eqns (54) and (58), force variables defined with respect of the
undeformed reference frame &,. The last variable g** is, however, not interpretable in this
sense.

Furthermore, we deduce from the line integral
SAS 23:18-E
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Fig. 4. The equilibrium of the middle surface element.

*A.c = é (n**8vy+ g v+ mPdwp)a, dS (5hH

obtained also by the same procedure, the definition of the tensorial force variables which
can be prescribed along the boundary of the shell ¢

= ntg,, n’ =g, m=mbi, (52)

Integral (51) expresses the virtual work of the boundary forces and vanishes identically, if
the boundary displacements v; and w, are, as are supposed above for convenience, all
prescribed.

6. THE PHYSICAL INTERPRETATION OF THE FORCE VARIABLES

All the force variables have been introduced until now using a variational procedure,
In the following we have to relate them with physical variables interpretable on a two-
dimensional shell element in order to make the theory accessible for practical applications.
Moreover, we are interested to find out if the equations of motions, eqns (49), can also be
obtained by a two-dimensional derivation. Especially in non-linear theories, it is rather
difficult to obtain equations in full coincidence using two different approaches.

Now, we consider, as illustrated in Fig. 4, an element of the deformed middle surface.
Let n*,/a df” be the stress resultant vector acting on an element of the coordinate line
6° = const, having the length ds, = \/ag d8° (x # f). The stress couple resultant acting
on the same element will be denoted by m*,/a d6”. By the well-known integration procedure
of the stresses s/ with respect of the parameter 6° it can be shown that

a We a 2
\/ (—)n?‘ = J fsta¥ dod, \/ (-)m’ = J. A% x ad)s*6° d6>. (53)
& —h2 a —h)2

With the help of eqns (9), (19), (20) and (21) and in view of definitions (39) and (50}, the
first relation reduces to
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\/ (%)n“ = n%3,+ ¢4, (54)

showing the geometrical meaning of the abbreviations introduced in definitions (50). Intro-
ducing eqns (20) and (21) into the decomposition

\/(g)n’ = N¥a;+Q%a, (55)

with respect of the deformed reference frame a;, we obtain furthermore by comparison with
eqn (54)

nt = (65 + ) NV +wPQ*, ¢ = (14+w3)Q°+ N (56)
and hence, in view of definitions (50)

(8+¢8) (NP —N*) = wh(Q*— 0*)+ (B3~ ¥5) M ™,

57
(1 +W3) (éﬂ_Qa) = (pﬂs(Nlﬂ_N(aﬁ))_wagM(uﬁ). ( )

According to these non-linear relations, the variationally defined forces N and (° eqns
(39) can be transformed into the geometrically defined ones N*f and Q°, eqn (55).

Considering in addition the identity a,-a,, = 0, eqn (53), can, by a similar procedure,
be transformed into

a a _ C
\/ (E>"‘ = MPaixa, (58)

= (1 +w3)m‘ﬁ§3 X i,,+w‘(6£+(p£A)M(°‘”)ﬁl X iﬁ.

This shows the physical meaning of the moment tensor M“? as components of the stress
couple vector in terms of the base vectors a; x a; = £5,8” of the deformed state F. In view
of eqn (55) a similar interpretation can also be given for the variables N* and Q* while
N©" and J° are in this sense not directly interpretable and called therefore pseudo-forces.
Remembering that M©? and m*, eqns (53), were first introduced independently we can
deduce from eqns (58) that the kinematic assumption (13) used in eqn (38) for the
definition of M“? implies a stress couple vector m* which must be perpendicular to a,.
Finally, it can be shown that

FARCYCY AR ORI

where N, M<*?> and Q<® are physical force variables, having the same direction as the
corresponding tensorial components N**, M“? and Q°, referring however. to the unit length
of the coordinate lines 8* = const of the deformed middle surface F. For an arbitrary large
displacement it is not possible to relate the physical components (59) directly to the pseudo-
forces N® and J* which have first to be transformed into N* and Q* according to the
non-linear transformations (57).

According to Fig. 4 the vectorial equilibrium equations of the shell element are given
by
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which, using eqns (20), (21), (40), (54) and (58), can be transformed into the same component
equations as are established in eqns (49) by the variational method. This can be regarded
as a significant advantage of the equations presented here.

In order to define physical boundary forces, we introduce along the deformed boundary
curve C the stress resultant n and the stress couple m, both vectors referring to the unit
length of the same curve. Formulating the equilibrium conditions of a shell subjected to
the loads p and ¢ and, along the boundary curve C, to n and m, it can be shown with the
help of Green’s theorem and the equilibrium equations (60) that

ds ay ., ds a\ ..,
EE’"'__\/(E)" U, agm—\/(g)m t, (61)

i = #,4" being the normal vector of the undeformed curve C. With the help of the vectors
i, t (11) and &, we now introduce the foliowing physical force variables along the boundary

. , ds . .
Fra nt+nb+n,4;, M= mi+m i+ m;a, (62)

which are, due to the scaling factor ds/ds$ used by the decomposition, force variables per
unit length of the undeformed curve C.
Physical boundary displacements can be defined similarly by

v=ypttoii+vd;, o0=o0l+eld (63)
where, from eqns (11), (12), (14), (23) and (24)
V=005 U, =0, Uy =00, @, = @ = wil', @, =0 =—wi". (64)

Since the vector m is, according to eqns (58) and (61), perpendicular to a; (m*a; = 0) the
component m; (62) is a dependent variable which can be expressed in terms of m, and m,.
Thus, the scalar product of eqn (63), with a; from eqns (21) yields

o

w
— i) 65
P (st ma) (65)

m; = —
For the definition of the physical boundary forces which can be prescribed along the
boundary of the shell we now refer to the virtual work 0*A,c (51) which we have to
transform first into a vectorial form. According to eqns (20), (21), (28) and (50) we can
write

M@ (a, x a;)- 0 = (1 +wy)m(a; x a) 6w = (1 +W3)muﬁﬁp < ow

(66)
- (1 -+ W;)maﬁ6Wﬂ.

Thus, considering also eqns (14), (54) and (61), it can be verified that expression (51) is
identical with the following one:
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e[} o ) o

(67)
ds 1 ds .
-$LG) o ()0 o
which in turn by virtue of eqns (62) and (63) reduces to
oy _ m, .
0*A4,c i(n ov, +n,00,+n0v,+ ——— ] T, ow, + ————l +w36w,,) ds. (68)

The vectorial expression (67) shows that dw is the variable needed to express the virtual
work of the physical stress couple (ds/ds)m, which justifies its definition in this theory.
From eqn (68) we seen that n,,n,,... are the physical force variables to be prescribed
in this theory as they are connected with the variation of the independent boundary
displacements.

If we now substitute eqn (24), into eqn (51) in order to replace dv, and dw, by

ov, = ook, +0v,i,, dw, = dw,l,+ow,i, (69)

we obtain in comparison with eqn (68) the following transformations:

n, = n"”ﬁui’,,, n, = n“”ﬂ,ﬁﬂ, ny = quﬁa, (70)
m, = (1+wy)miiy, m, = —{+w)mil,

for the physical force variables to be prescribed along the boundary curve C.
Considering the virtual work of boundary forces given in eqn (68) and the following
boundary conditions:

O

C:v=v, o= C:n=n, m=m° ()

along the parts €, and C, of the boundary curve C, the principle of virtual work takes finally
the form

0*A = 0%A,+8%A, = '”; (pP5vg+pv; + Powy) dF+j; (n?év,+nﬁév.+ngév,

i}

m; m, _ 8 3
+ TTw dw, + 1+w35w.,) ds ﬁ‘”; {h(v dvg +0°0v5)

3

3
+ :1—2‘ (Wﬂ l-l“-)ﬂ W;) 6W,}dﬁ JJ (N(w‘s“uﬂ‘*‘Q't’)'.+M"”6ﬂ,,)d13‘= 0 (72)
W3

where the notation ( )° characterize the given boundary values.
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7. CONSTITUTIVE EQUATIONS

For hyperelastic shells the constitutive equations can be expressed in general form as

-~ 1{ om, on; 1{ on, on; ~ on;
Moo o L (w i ) M@ = “( i __i.) o M
2 \ay T o 3\a8, T 38,.) ¢ ", (73)

where 7; is the specific energy density per unit area of the undeformed middle surface. Now,
we restrict our attention to a Hookean material the physical properties of which are
characterized by Young’s modulus E and Poisson’s ratio v. If we furthermore assume that
the strain measures «,; and y, are of negligible order of magnitude in comparison with unity
then the following expression can be derived for #; according to the well-known procedure
of the shell theory[1]

n, = {(DH M a p0,, + BH By By, + Ghd*y.y,) (74)
where
I—v 2v .
H#4 (&aldﬂn + d«u&ﬁl + &uﬂ &m) (7 5)
2 1—v
and
Eh En? Eh
D=5—, B"”““’"’lz(;_w)’ Gh-——-z(Hv). (76)

Substituting eqn (74) into eqns (73) yields the relations
N©» = DH*%y,,, M“P = BHY*B,,, Q= Ghay, a7

which are formally identical with those of the linear theory[l]. In view of eqn (74) the
internal virtual work given in eqns (72) can now be expressed as a complete variation of
the elastic potential =,

6* 4, = — oI, = —5JLn,. aF. (78)
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